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Coarse-Grained Molecular Dynamics: Dissipation due to Internal Modes

Robert E. Rudd
Lawrence Livermore National Laboratory
Condensed Matter Physics Division, L-045
Livermore, CA 94551 USA

ABSTRACT

We describe progress on the issue of pathological elastic wave reflection in atomistic
and multiscale simulation. First we briefly review Coarse-Grained Molecular Dynamics
(CGMD). Originally CGMD was formulated as a Hamiltonian system in which energy is
conserved. This formulation is useful for many applications, but recently CGMD has been
extended to include generalized Langevin forces. Here we describe how Langevin dynamics
arise naturally in CGMD, and we examine the implication for elastic wave scattering.

INTRODUCTION

Multiple scales arise in many physical systems. Much of the richness of materials
science is due to the endless combinations of interplay between processes at diverse scales,
including cooperative dynamics and competition. The multiscale modeling tools developed
in recent years have proven to be an effective way to treat the length scale problem. In
most cases studied to date, multiple length scales are treated sequentially: ab initio
calculations are used to develop classical interatomic potentials that are in turn used in
large-scale molecular dynamics (MD) simulations that form the basis for mesoscale and
continuum models such as finite element (FE) models. This approach works well when the
scales are weakly coupled. When the scales are strongly coupled, multiple scales must be
treated simultaneously. This has become known as concurrent multiscale modeling. [1]

Coarse-grained molecular dynamics (CGMD) is an example of concurrent multiscale
modeling that is optimized to simulate dynamical and finite temperature processes at, and
above, the nanoscale. It unifies atomistic simulation with a generalization of finite element
modeling in a concurrent simulation. [2] The methodology is designed for inhomogeneous
systems with regions that require the precision of a full, atomistic description and regions
that are well modeled by a simplified description. An example of such a system is the
microresonator shown in Fig. 1. [3] The resonator is a bar of semiconductor that has been
etched from a single crystal. The etching has released the bar from the substrate so that it
is free to oscillate much like a violin string. Bridge-type resonators of this general design
have been used in a variety of Micro-Electro-Mechanical Systems (MEMS). [4] Currently
several experimental groups are developing sub-micron resonators for use in
Nano-Electro-Mechanical Systems (NEMS). [5,6] The NEMS resonator is an archetypical
system with two relevant length scales. The width of the bar can be less than 100 atoms,
so nanoscale atomistic effects can be important; at the same time, elastic fields extend from
the resonating bar for microns out into the substrate. These elastic fields are well described
by continuum mechanics. [3] CGMD allows both the atomistic and the continuum physics
to be modeled concurrently in a single simulation.
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Figure 1: (a) Three dimensional model of the microresonator in its fully deflected state.
The geometry is modeled on a device fabricated by Roukes and coworkers [5]. (b) The
decomposition of the microresonator system into molecular dynamics (MD) and coarse-
grained (CG) regions. The cross-over to atomistics for atomic-sized cells is completely smooth
and no handshaking region is required. [1,2]

COMPUTATIONAL METHODOLOGY

The basic principle of CGMD is to use, in each spatial region of such a heterogeneous
system, a description that is as simple as possible, but of course no simpler. In practice
this is implemented through the introduction of a mesh reminiscent of finite element
meshes. The size of the mesh determines the physics that is modeled. In some regions, the
nodes of the mesh are in one-to-one correspondence with the atomic sites, taken to be the
equilibrium positions of the atoms in the undeformed material. We will refer to these as
the MD regions. In other regions, the mesh spacing is larger so that some of the
atomic-level detail is eliminated with a commensurate gain in computational efficiency.
These are the coarse-grained (CG) regions. This much of the formalism is identical to
hybrid atomistic/continuum (MD/FE) techniques that employ conventional finite element
models coupled to MD [1,7], and it is similar to the approach taken in the
Quasi-Continuum Technique. [8] The distinction with CGMD is that the model used in the
CG region is derived from the dynamics of the underlying atomistic model. Short
wavelength modes are integrated out of the model of the coarse-grained region to produce
an effective model of the relevant long wavelength modes. This ensures that the dynamic
coupling between the MD and CG regions is as seamless as possible. [2]

It was shown in Ref. 7 that the coupling of MD with conventional finite elements is
practically seamless for some important applications. In particular, shock waves emitted
from a crack in the MD region of a thin slice of silicon were shown to propagate out



through the interface to the FE region without significant back-scatter: absent was the
appreciable effect of reflected waves on the crack tip velocity encountered in simulations
with periodic or fixed boundary conditions [9]. Of course, this required the MD/FE
interface to be sufficiently far removed from the crack tip. In order to bring the interface
closer and, hence, to reduce further the number of simulated degrees of freedom, it is
necessary to improve the fidelity of the interface. In a perfect coupling, the atomistic forces
would be recovered smoothly as the size of a finite element cell is reduced to the atomic
scale. This is not achieved in practice with conventional finite element models because the
continuum mechanics does not have any information about the crystallography.

The absence of spurious elastic wave reflections is just one of the properties that is
demanded of CGMD. It also meets three other general requirements: elastic, thermal and
dissipative properties must be physical in the CG region. In particular, CGMD guarantees
that strain fields, local temperature and relaxation rates vary smoothly across the interface
where the mesh is coarsened. [2]

The Model

We turn now to the details of the model, both without and with random, dissipative
forces. The Hamiltonian formulation of CGMD is derived from the underlying atomistic
model using statistical mechanical techniques to integrate out the short wavelength degrees
of freedom. For the purposes of this discussion a short wavelength mode is a wave whose
wavelength is less than the local mesh spacing. Such a wave cannot be represented on that
region of the mesh. Typically, a mesh will have both forbidden and allowed regions for
waves of a particular wavelength. The averaging procedure that integrates out the short
wavelength modes uses perturbation theory about a harmonic lattice. In the zeroth order
(harmonic approximation), the CGMD equations are

~ui = Gij
~fj (static) (1)

Mij~̈ui = −G−1
ik ~uk (dynamic) (2)

where ~ui and ~fi are the CG displacement field and body force at node i, and Mij and Gij

are the CG mass matrix and elastic Green’s function, respectively. In higher orders of
perturbation theory, nonlinear terms appear in the force law (2). [1] For a monatomic
lattice with atomic mass mµ for atom µ and lattice Green’s function Gµν , the mass matrix
and elastic Green’s function are given by

Mij = NiµmµNjµ (3)

Gij = g−1
ik NkµGµνNlνg

−1
jl (4)

where Niµ = Ni(x0µ) is the CGMD shape function, gij = NiµNjµ is the CG metric, and
repeated indices are summed. Apart from factors required for covariance, Eqs. (3) and (4)
state that the CGMD mass and compliance are just weighted averages of the underlying
atomistic masses and compliances, where the weighting function is the CGMD shape
function, Niµ. See Refs. 2 and 1 for details.

The model as it has been described thus far is based on an effective Hamiltonian, and
it conserves energy. It has a number of nice properties as a coarse-grained model. The



phonon energy spectrum is a very good approximation to the long wavelength part of the
spectrum in the underlying atomistic model. [2] In some simple cases the spectrum may be
computed exactly. In the case of an infinite chain of harmonic atoms coarse-grained with
linear interpolation to a commensurate lattice (i.e. a fixed number ν of atoms per node),
the frequency, ω, as a function of wave number, k, is given by [2]

ω(k) = 2

√
K

m

(∑ν−1
p=0 sin−4(1

2
ka+ πpν)∑ν−1

p=0 sin−6(1
2
ka+ πpν)

)1/2

(5)

where K is the force constant. This spectrum is improved over the spectrum in
conventional finite element analysis in both the long and short wavelength regime. It may
be of some interest to note that the form of the spectrum is familiar as a character
corresponding to the broken discrete translation group.

Dissipation. If a wave propagates from a region where it is represented into a region
where it is not, it will be rejected. In the energy-conserving formulation described above,
the wave is reflected. The change in the mesh spacing breaks translation invariance, so
momentum is not conserved. Energy is, however, so the wave must go somewhere, and
reflection results. A closely related problem is the fact that no short wavelength modes can
be emitted from a coarse region of the mesh. The short wavelength part of the spectrum is
not populated by a random thermal distribution, but only by reflected waves. These waves
are highly correlated with the wave incident on the coarse region, and they may be far from
equilibrium. The reflection and spectrum distortion are artifacts of the coarse-graining
procedure, and they are indications that the formulation is incomplete. These effects may
be benign, but in cases where the CG/MD interface is very close to the region of interest
(such as the tip of a crack), they can cause pathologies in the quantities of interest.

The missing ingredients are random and dissipative forces. [2,1] These forces are well
known from Brownian motion, where a heavy particle experiences drag forces and random
buffeting due to the surrounding bath of relatively light molecules. In CGMD, too, the
relatively heavy CG modes interact with the internal modes that have been integrated out.
The resulting equation of motion is a generalized Langevin equation. The random and
dissipative forces solve deficiencies of the conservative model for outgoing and incoming
waves. Firstly, short wavelength modes incident on a part of the mesh where they are not
supported are not reflected but absorbed. Secondly, incoming elastic waves are generated
randomly at the interface to fill out the thermal spectrum. Finally, short wavelength modes
that would propagate through the CG region and reappear at an MD region on the far side
(for example due to periodic boundary conditions), may or may not do so depending on
whether the memory is implemented with propagators or not. CGMD offers this choice,
and each option may be advantageous depending on the application.

The equations of motion for CGMD with random and dissipative forces are derived
using projection operator techniques. [10] The details are beyond the scope of this article,
and will be presented elsewhere. [11] The result is a generalized Langevin equation

Mij~̈uj = −G−1
ik ~uk +

∫ t

−∞
dt′ ηik(t− t′) ~̇uk(t′) + ~Fi(t). (6)

where ηik(∆t) is a memory function and ~Fi is a force that is taken to be random. We need
to determine η(t) and F (t). If the forces in the CG region are approximately harmonic,



then it is possible to derive an expression for ηik in terms of the inverse Laplace transform
of a certain spectral function. In practice, we have used a lumped mass approximation for
Mij to allow explicit integration of the equations of motion. [1,12]

RESULTS AND VALIDATION

For the purposes of this article, we focus on new results of the validation of the
non-conservative formulation of CGMD. The immediate goal of the Langevin CGMD is to
eliminate unphysical elastic wave scattering off the CG interface. In order to quantify this
effect, we have calculated the reflection coefficient for waves scattering from a
coarse-grained region in the middle of an infinite chain of atoms. The largest cell in the CG
region consists of 20 atoms. The same configuration was used in Ref. 2 to test the
Hamiltonian CGMD (without dissipation), and a detailed description of the system is given
there. Because the asymptotic regions are described by MD, the reflection coefficient is
well defined.

The result of these calculations was that Langevin CGMD essentially eliminated all
scattering, as shown in Fig. 2a. If the memory function and the equations of motion could
be integrated without error, there would have been no unphysical reflection; the only
back-scatter was due to numerical noise.

A recent result of Cai, et al [13], found that wave reflection from a fixed boundary
could be essentially eliminated using memory functions. There are two difficulties in
implementing their formulation in large-scale simulations. The first is that the memory
function couples sites on the boundary that are quite far apart, so that the algorithm is not
amenable to parallelization. The second is that the memory is long (the memory function
was non-zero for 500 time steps), requiring a large amount of storage. These issues are
related. They arise because the memory function must absorb long wavelength, long period
waves at the fixed boundary. In CGMD, these are the waves that are allowed to pass
through the interface, so they do not need to be absorbed. The result is a memory function
that is short-ranged in space and time. The value of the largest matrix element is shown in
Fig. 2b as a function of time, and it is compared to the memory function for a fixed
boundary as in the Cai work. Langevin CGMD shows a substantial improvement.

CONCLUSION

Coarse-grained molecular dynamics is an implementation of concurrent multiscale
modeling linking atomistic regions to continuum regions. In this article we have reviewed
some earlier work, with the benefit of our current understanding and experience. Also we
described recent results that extend the Hamiltonian CGMD to a dissipative, Langevin
formulation. Validation using the elastic wave reflection coefficient and the decay of the
memory function has shown a substantial improvement over other techniques.
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Figure 2: (a) The reflection coefficient for elastic wave scattering off the CG interface (see
text) for 4 cases: distributed mass finite element analysis (dist. mass), lumped mass finite
element analysis (lump mass), Hamiltonian CGMD (H-CGMD) and Langevin CGMD (L-
CGMD). Note that H-CGMD has eliminated pathological resonances (peaks) found in finite
element analysis, but Langevin CGMD has entirely eliminated scattering (the reflection
coefficient is 0 up to numerical noise). (b) A comparison of the memory functions for wave
absorption at a hard boundary (cf. Ref. [13]) and at the CG region in CGMD. Note how
much shorter the memory is in the CGMD system.
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